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COMPACTIFICATION OF THE MODULI SPACE OF MINIMAL
INSTANTONS ON THE FANO 3-FOLD V5
XUQIANG QIN
Abstract. We study semistable sheaves of rank 2 with Chern classes c1 = 0, c2 = 2 and c3 = 0
on the Fano 3-fold V5 of Picard number 1, degree 5 and index 2. We show that the moduli
space of such sheaves has a component that is isomorphic to P5 by identifying it with the moduli
space of semistable quiver representations. This provides a natural smooth compactification of
the moduli space of minimal instantons, as well as Ulrich bundles of rank 2 on V5.
1. Introduction
Instanton bundles first appeared in [AHDM] as a way to describe Yang-Mills instantons on a
4-sphere S4. They provide extremely useful links between mathematical physics and algebraic
geometry. The notion of mathematical instanton bundles was first introduced on P3. Since then
the irreducibility[T], rationality[MT] and smoothness[JV] of their moduli spaces were heavily in-
vestigated. Faenzi[Fa] and Kuznetsov[Ku12] generalized this notion to Fano threefolds, we recall
Definition 1.1. [Ku03] Let Y be a Fano threefold of index 2. An instanton bundle of charge n
on Y is a stable vector bundle E of rank 2 with c1(E) = 0, c2(E) = n, enjoying the instantonic
condition:
H1(Y,E(−1)) = 0.
We mention that the charge c2(E) ≥ 2 [Ku12, Corollary 3.2]. The instanton bundles of charge
2 are called the minimal instantons.
In this paper, we will be interested in minimal instantons and compactifications of their moduli
space on the Fano threefold V5 of degree 5 and index 2. Such a threefold is obtained by taking
a general codimension 3 linear section in the Plu¨cker embedding of Gr(2, 5). The moduli spaces
of instanton bundles on V5 were discussed in [Ku03] using quadric nets. They are in general not
projective.
On the other hand, Ulrich bundles are defined as vector bundles on a smooth projective variety
X of dimension d so that
H∗(X,E(−t)) = 0
for all t = 1, . . . , d. They first appeared in commutative algebra and entered the world of algebraic
geometry via [ES]. The existence and moduli space of Ulrich bundles provide great amount of
information about the original variety. For example, in the case when X is a smooth hypersurface,
the existence of Ulrich bundle is equivalent to the fact that X can be defined set-theoretically
by a linear determinant[B]. Inspired by [Ku12], Lahoz, Macr`ı and Stellari[LMS1],[LMS2] studied
moduli spaces of Ulrich bundles on cubic threefolds and fourfolds using derived categories. In their
recent paper[LP], Lee and Park described the moduli space of Ulrich bundles on V5. As an easy
consequence of their work, we see on V5, (minimal) instanton bundles and Ulrich bundles of rank
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2 differ only by a twist of the very ample divisor OV5(1). Thus they share the same moduli space
and compactifications.
Our first result is the classification of semistable rank 2 sheaves with Chern classes c1 = 0, c2 = 2
and c3 = 0 on V5. [D] classified such sheaves on cubic threefolds and proved that their moduli
space is isomorphic to the blow-up of the intermediate Jacobian in the Fano surface of lines. We
mimic his method of classification and prove that a parallel classification happens on V5.
Theorem 1.2. Let E be a semistable rank 2 sheaf with Chern classes c1(E) = 0, c2(E) = 2 and
c3(E) = 0 on V5. If E is stable, then either E is locally free or E is associated to a smooth conic
C ⊂ V5 such that we have an exact sequence:
0→ E → H0(θ(1))⊗OV5 → θ(1)→ 0
where θ is the theta-characteristic of C.
If E is strictly semistable, then E is the extension of two ideal sheaves of lines.
Unfortunately, the method to study the moduli space in [D] does not transfer well to V5. How-
ever, we note that Db(V5) has a semi-orthogonal decomposition:
Db(V5) = 〈U ,Q
∨,OV5 ,OV5(1)〉
where U is the restriction of the universal subbundle and Q the universal quotient bundle. It
is well-known that the subcategory BV5 := 〈U ,Q
∨〉 is equivalent to the derived category of finite
dimensional representations of the Kronecker quiver Q3 with three arrows:
Ψ : BV5 ≃ D
b(Q3).
Our next result establish the relation between the sheaves on V5 and representations of Q3:
Theorem 1.3. Let R be a (−1, 1)-semistable representation of Q3 with dimension vector (2, 2),
then the Ψ−1-induced complex
CR : U
⊕2 fR−−→ Q∨⊕2
in Db(V5) where we put the second term in degree 0 is isomorphic to a semistable rank 2 sheaf E
with Chern classes c1(E) = 0, c2(E) = 2 and c3(E) = 0.
Using this relation, we construct a morphism from the moduli space of semistable representations
Mrep to the moduli space M of semistable rank 2 sheaves with Chern classes c1 = 0, c2 = 2 and
c3 = 0 and prove:
Theorem 1.4. There exists a morphism φ : Mrep → M which identifies Mrep with a connected
component of M . As a result, the moduli space of semistable rank 2 sheaves with Chern classes
c1 = 0, c2 = 2 and c3 = 0 on V5 has a connected component isomorphic to P
5.
We believe our results can be generalized to find compactifications of moduli spaces of Ulrich
bundles of higher ranks on V5. Also similar ideas should work in finding the moduli space of
instanton sheaves on Fano threefolds other than V5 and cubics. In fact in [Q2], the author proved
that moduli space of semistable rank 2 sheaves with Chern classes c1 = 0, c2 = 2 and c3 = 0 on
the degree 4 Fano threefold V4 is isomorphic to the moduli space of semi-stable rank 2 even degree
vector bundles on a genus 2 curve.
This paper is organized as follows. In the second section the reader can find some prelimi-
nary definitions and results that are used throughout the paper. In the third section we classify
semistable rank 2 sheaves with Chern classes c1 = 0, c2 = 2 and c3 = 0 on V5, showing the parallel
result as on cubic threefolds holds. In the fourth section we connect such sheaves to representations
of the Kronecker quiver using derived category. In the last section we describe the moduli spaces.
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Notations and conventions.
• We work over the complex numbers C.
• Let E be a sheaf on V5, we use Etor to denote the torsion part of E and Etf to denote the
torsion-free quotient E/Etor.
• Let E be a sheaf on V5. We use H
i(E) to denote Hi(V5, E) for simplicity. Also we use
hi(E) to denote the dimension of Hi(V5, E) as a complex vector space.
• Let F be a sheaf or a representation with certain characterization, we will use [F ] to denote
the point it corresponds to in the moduli space.
Acknowledgement. The author would like to thank his advisor Valery Lunts for constant support
and inspiring discussions. He would like to thank Michael Larsen, Hui Yu, Shizhuo Zhang for useful
discussions. He would like to thank Kyeong-Dong Park for numerous helpful comments.
2. Preliminaries
2.1. Fano 3-fold V5. Let V be a complex vector space of dimension 5, let A ⊂ Λ
2V ∗ be a 3-
dimensional subspace of 2-forms on V . It is well known that if A is generic, then the intersection
of Gr(2, V ) with P(A⊥) in P(Λ2V ) is a smooth Fano threefold of Picard number 1, degree 5 and
index 2. Varying A generically will provide projectively equivalent varieties. We use V5 to denote
this unique smooth threefold. Note V5 comes with a natural choice of a very ample line bundle
OV5(1). We will always use this polarization for the rest of this paper. Let S ∈ |OV5(1)| be a
generic hyperplane section. Then S is a smooth del Pezzo surface of degree 5.
The cohomology group of V5 is isomorphic to Z
4:
H∗(V5,Z) = H
0(V5,Z)⊕H
2(V5,Z)⊕H
4(V5,Z)⊕H
6(V5,Z)
= Z[V5]⊕ Z[h]⊕ Z[l]⊕ Z[p]
with h · l = p, h2 = 5l, h3 = 5p.
Let U be the restriction of the universal subbundle on Gr(2, 5) to V5 and Q be the restriction of
the universal quotient bundle, we have an exact sequence:
0→ U → C5 ⊗OV5 → Q→ 0.
U and Q∨ will play important roles in this paper. We first note Hom(U ,Q∨) = A (see [Or]). Their
cohomology groups are computed in [LP, Lemma 2.9]:
Lemma 2.1. The cohomology groups Hi(V5,U(j)) and H
i(V5,Q
∨(j)) for j = −2,−1, 0 are as
follows:
H∗(V5,U) = H
∗(V5,U(−1)) = 0
H∗(V5,Q
∨) = H∗(V5,Q
∨(−1)) = 0
Hi(V5,U(−2)) =
{
C5 if i=3
0 otherwise
Hi(V5,Q
∨(−2)) =
{
C5 if i=3
0 otherwise
The Chern classes of U and Q∨ are as follows:
rank(U) = 2, c1(U) = −h, c2(U) = 2l
rank(Q∨) = 3, c1(Q
∨) = −h, c2(Q
∨) = 3l, c3(Q
∨) = −p
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Moreover, we have
td(TV5) = 1 + h+
8
3
l + p.
The Fano variety of lines on V5 is P(A) ≃ P
2. It parametrizes the ideal sheaves of lines in V5.
Moreover each ideal sheaf corresponds to a representation of Q3 with dimension vector (1, 1)(see
section 2.4), thanks to the following result:
Lemma 2.2. [Ku12, Lemma 4.2] For each point a ∈ P(A), we have an exact sequence:
0→ U
a
−→ Q∨ → IL → 0(2.3)
where L is the line corresponding to a.
The restriction of any vector bundles on V5 to a line L splits into direct sum of line bundles, we
have:
Lemma 2.4. [Sa, Lemma 2.17] For any line L in V5, we have
U|L = OL(−1)⊕OL
Q∨|L = OL(−1)⊕OL ⊕OL.
Since a smooth conic C is isomorphic to P1, any restriction of vector bundle also splits:
Lemma 2.5. [Sa, Lemma 2.40] Let C be any smooth conic in V5, we have
U|C = OC(−1)⊕OC(−1)
Q∨|C = OC(−1)⊕OC(−1)⊕OC .
2.2. Stability of sheaves. Let X be a smooth projective variety of dimension n and OX(1) be a
fixed ample line bundle. Let E be a coherent sheaf of rank r, then the slope of E is defined as:
µ(E) =
c1(E) · c1(OX(1))
n−1
rc1(OX(1))n
For a torsion-free sheaf E, the reduced Hilbert polynomial p(E) is defined by
p(E, n) =
χ(E(n))
rank(E)
The sheaf E is called (semi)stable if it is torsion-free and for any torsion-free subsheaf F ⊂ E with
0 < rank(F ) < rank(E), we have
p(F )(≤) < p(E)
for n≫ 0.
The sheaf E is called µ-(semi)stable if it is torsion-free and for any torsion-free subsheaf F ⊂ E
with 0 < rank(F ) < rank(E), we have
µ(F )(≤) < µ(E)
We have the following implications:
µ− stable⇒ stable⇒ semistable⇒ µ− semistable
A very useful criterion for stability of vector bundles is due to Hoppe:
Lemma 2.6. Assume the Picard group of X is Z and its ample divisor OX(1) has global sections.
Let F be a vector bundle of rank r on X so that for each 1 ≤ k ≤ r− 1, (Λk(F ))norm has no global
sections. Then F is µ-stable.
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Here, for a sheaf F , Fnorm is the unique twist F (n) such that −1 < µ(F (n)) ≤ 0. Using this result,
we can easily check
Lemma 2.7. The vector bundles U ,U∨,Q,Q∨ are all µ-stable.
We also recall the following useful results:
Proposition 2.8 (Mumford-Castelnuovo Criterion). Let F be a coherent sheaf on a projective
variety X. Suppose hi(X,F (−i)) = 0 for all i ≥ 1, then hi(X,F (k)) = 0 for all i ≥ 1 and k ≥ −i.
Moreover F is generated by global sections.
Theorem 2.9 (The Serre construction). Suppose X is a smooth projective variety of dimension
at least 3. Let L be a invertible sheaf so that h1(L−1) = 0 and h2(L−2) = 0 and Y ⊂ X a closed
subscheme of pure codimension 2. We have an isomorphism Ext1(IY ⊗ L,OX) = H
0(OY ). The
subscheme Y is the zero locus of a section of a vector bundle of rank 2 with determinant L if and
only if Y is locally complete intersection and ωY = (ωX ⊗ L)|Y .
2.3. Derived Categories. LetX be an algebraic variety, we use Db(X) to denote the bounded de-
rived categories of coherent sheaves onX . We denote Extp(F,G) = Hom(F,G[p]) and Ext•(F,G) =
⊕p∈ZExt
p(F,G)[−p]. Recall that objects E1, . . . , En in the bounded derived category of coherent
sheaves Db(X) forms a full exceptional collection if
(1) Hom(Ei, Ei[m]) = k if m = 0 and is 0 otherwise;
(2) Hom(Ei, Ej [m]) = 0 for all m ∈ Z if j < i;
(3) The smallest triangulated subcategory of Db(X) containing E1, . . . , En is itself.
An exceptional collection is strong if in addition: Hom(Ei, Ej [m]) = 0 for all i, j if m 6= 0.
On a Fano variety X , Kodaira vanishing theorem implies:
Hi(X,OX) = 0
for all i > 0. Thus all line bundles on V5 are exceptional objects. Moreover [Or] showed that
Db(V5) has a full exceptional collection:
Db(V5) = 〈U ,Q
∨,OV5 ,OV5(1)〉
We use BV5 to denote the triangulated subcategory 〈U ,Q
∨〉 = 〈OV5 ,OV5(1)〉
⊥. The following result
can be found in [Ku12].
Lemma 2.10. We have canonical isomorphism
Ext•(U ,Q∨) = A
As a result, we have an equivalence of category
Ψ : BV5 ≃ D
b(Q3).
where Db(Q3) is the derived category of finite dimensional representations of the Kronecker quiver
with 2 vertices and 3 arrows from the first vertex to the second.
For F ∈ BV5 , Ψ(F ) is the representation (M
•
1 ,M
•
2 ) with
M•1 = Ext
•(F,U [1])∗
M•2 = Ext
•(Q∨, F )
.
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2.4. Quivers representations and their moduli. A quiver Q is given by two sets Qvx and
Qar, where the first set is the set of vertices and the second is the set of arrows, along with two
functions s, t : Qar → Qvx specifying the source and target of an arrow. The path algebra kQ is
the associative k-algebra whose underlying vector space has a basis consisting of elements of Qar.
The product of two basis elements is defined by concatenation of paths if possible, otherwise 0.
The product of two general elements is defined by extending the above linearly.
Let Q be a quiver. A quiver representation R = (Rv, ra) consists of a vector space Rv for each
v ∈ Qvx and a morphism of vector spaces ra : Rs(a) → Rt(a) for each a ∈ Qar. A subrepresentation
of R is a pair R′ = (R′v, r
′
a) where R
′
v is a subspace of Rv for each v ∈ Qvx and r
′
a : R
′
s(a) → R
′
t(a)
is a morphism of vector spaces for each a ∈ Qar such that
r′a = ra|R′s(a)
and
(2.11) ra(R
′
s(a)) ⊂ R
′
t(a).
Thus we have the commutative diagram
R′i R
′
j
Ri Rj
r′a
ιi ιj
ra
for any arrow a from i to j. We use R′ ⊂ R to denote that R′ is a subrepresentation of R.
Given a quiver Q, a weight is an element Θ ∈ ZN where N = |Qvx|. For a weight Θ, the weight
function is defined by:
Θ(S) =
N∑
i=1
diΘi,
where S is a representation of Q and di and Θi are the i-th entries of ~d and Θ respectively. We
recall the definition of semi-stability:
Definition 2.12. A representation R is Θ-semistable if for any subrepresentation R′ ⊂ R
Θ(R′) ≥ Θ(R)
R is Θ-stable if all the above inequalities are strict.
Let ~d be a dimension vector, the set of representations of Q with dimension vector ~d forms
an affine space Rep(Q)~d. For a weight Θ, the set of Θ-semistable representations forms an open
subscheme Rep(Q)
Θ−SS
~d
of Rep(Q)~d, the set of Θ-stable representations forms an open subscheme
Rep(Q)
Θ−S
~d
of Rep(Q)
Θ−SS
~d
.
The group G0 = ΠiGL(di) acts by incidence on Rep(Q), in other words, it acts by (g · a) =
gt(a)rag
−1
s(a). Apparently, the diagonal subgroup k
∗
diag of (k
∗)Qvx consisting of elements of the form
(k, k, . . . , k) for k ∈ k∗ acts trivially on Rep(Q). So it is natural to only consider the action of
G0 = ΠiGL(di)/k
∗
diag.
Definition 2.13. Two representations with dimension vector ~d are isomorphic if they are in the
same orbit under the action of G.
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Give a weight Θ, we may interpret Θ as a multiplicative character of the group G by the formula
g 7→ det(g1)
Θ1 . . . det(gn)
Θn . The moduli space of Θ-semistable representations with dimension
vector ~d is the GIT quotient
MΘ−ss~d
: = Rep(Q)~d//ΘG.
We mention a few facts about MΘ. An equivalent definition of M
~d−ss is to consider the graded
ring
BΘ =
⊕
r≥0
B(rΘ)
where B(rΘ) is the space of rΘ-semi-invariant functions in the coordinate ring of Rep(Q). Then
the GIT quotient is defined as
MΘ = Proj(BΘ)
From this definition, it is easy to see that MΘ is an irreducible normal projective scheme.
2.5. Representations of Kronecker quiver Q3. Let Q3 be the Kronecker quiver with two
vertices 1, 2 and three arrows a1, a2, a3 from 1 to 2. We let Θ = (−1, 1) be a weight for Q3. We
will always use this weight when we talk about stability of quiver from now on. We know that
the moduli space of Θ-semistable representations of Q3 with dimension vector (1, 1) is isomorphic
to P2. Also, it is well-known that the moduli space of Θ-semistable representation of Q3 with
dimension vector (2, 2) is isomorphic to P5. We provide a proof that will be useful later on.
Proposition 2.14. We have
MΘ−ss(2,2) ≃ P
5
Proof. A representation of Q3 with dimension vector (2, 2) is given by three 2× 2 matrices
Yi =
[
ai bi
ci di
]
for i = 1, 2, 3, each corresponding to the arrow ai. Then the affine representation scheme Rep(Q3)(2,2) =
SpecC[ai, bi, ci, di, i = 1, 2, 3] ≃ A
12. It is not hard to check B(Θ) is spanned by
{det(Y1), det(Y2), det(Y3), a1d2 + a2d1 − b1c2 − b2c1,
a1d3 + a3d1 − b1c3 − b3c1, a3d2 + a2d3 − b3c2 − b2c3}
Note the last three terms come from det(Yi + Yj)− det(Yi)− det(Yj). And for r ≥ 2, B(rΘ) is
generated by B(Θ). This shows BΘ = C[x0, . . . , x5] and hence M
Θ−ss
(2,2) ≃ P
5. 
Remark 2.15. From now on, we use Mrep to denote M
Θ−ss
(2,2) . We use(
Y1, Y2, Y3
)
to denote a representation where Yi corresponds to the arrow ai.
2.6. Instanton Sheaves. Let Y be a Fano threefold of index 2. By definition an (minimal)
instanton bundle is a stable vector bundle E of rank 2 with Chern classes c1(E) = 0, c2(E) = 2,
enjoying the instantonic condition
H1(Y,E(−1)) = 0.
We use M to denote the moduli space of semistable rank 2 sheaves with Chern classes c1 = 0,
c2 = 2 and c3 = 0. It is clear that the moduli space of minimal instanton bundles MI2(Y ) is an
open subscheme of M . [Ku12, Theorem 4.7] gave a concrete description of MI2(V5) using quadric
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nets. But it is not clear what MI2(V5) looks like as a variety.
We also recall the definition of an Ulrich bundle.
Definitions 2.16. Let X ⊂ PN be a smooth projective variety of dimension d. An Ulrich bundle
E is a vector bundle on X satisfying
H∗(X,E(−t)) = 0
for all t = 1, . . . , d.
We recall a few well-known facts about Ulrich bundles that will be useful to us:
• There are no Ulrich line bundles on a variety X with Pic(X) = ZOX(1).
• An Ulrich bundle is semistable. If it is not stable, it is an extension of Ulrich bundles of
smaller ranks.
On consequence of the above facts is that any rank 2 Ulrich bundle on V5 is stable. To see the
relation between (minimal) instanton bundles and Ulrich bundles of rank 2 on V5, we first recall
the computation:
Lemma 2.17. [Ku12] Let E be an (minimal) instanton bundle on a Fano threefold of index 2.
Then
H∗(E(t)) = 0
for t = 0,−1,−2.
On the other hand, Lee and Park obtained the following result in their recent paper:
Proposition 2.18. [LP, Proposition 3.4] For any r ≥ 2, an Ulrich bundle E of rank r on V5
corresponds to the following quiver representation.
E(−1) = Coker(U⊕r → Q∨⊕r)
Combine these two results, we immediately obtain:
Corollary 2.19. A vector bundle E on V5 is an (minimal) instanton bundle if and only if E(1)
is an Ulrich bundle of rank 2.
In addition, [LP] described the moduli space of stable Ulrich bundles of rank r.
Theorem 2.20. [LP, Theorem 3.11] The moduli space of stable Ulrich bundles of rank r M sUr is
a smooth (r2 + 1)-dimensional open subscheme of M
(−1,1)−s
(r,r) (Q3)
By the above corollary, we obtain the following relation when r = 2,
MI2(V5) ≃M
sU
2 ⊂M
3. Classification of rank 2 semistable sheaves on V5
We first look at stable rank 2 vector bundles.
Lemma 3.1. Let S ⊂ P5 be a del Pezzo surface of degree 5 and E a semistable vector bundle of
rank 2 with Chern classes c1(E) = 0 and c2(E) = 2. If h
0(E) = 0, then h1(E(n)) = 0 for n ∈ Z
and h2(E(n)) = 0 for n ≥ 1. If h0(E) 6= 0, then h0(E) = 1, h1(E(n)) = 0 for n ≤ −2 and n ≥ 1,
h1(E(−1)) = h1(E) = 1 and h2(E(n)) = 0 for n ≥ 0.
Proof. See [D, Lemma 2.2] 
Theorem 3.2. Let E be a stable rank 2 vector bundle on V5, with c1(E) = 0 and c2(E) = 2, then
h1(V5, E(−1)) = 0 or 1
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Proof. Let S ∈ |OV5(1)| be a general hyperplane section of V5. Then ES is µ-semi-stable with
respect to the polarization OS(1) [M, Theorem 3.1].
Suppose h0(ES) = 0. Consider the short exact sequence:
0→ E(n− 1)→ E(n)→ ES(n)→ 0.
Since h1(ES(n)) = 0 for n ∈ Z, we have h
1(E(n)) ≤ h1(E(n − 1)). Thus h1(E(n)) = 0 for all
n ∈ Z since h1(E(n)) = 0 for n≪ 0.
Suppose h0(ES) 6= 0, we will try to get a contradiction. We claim E(2) is generated by global
sections. Using the same exact sequence above, we obtain h1(E(−n)) = 0 for n ≥ 2. Note
h2(E) = h1(E(−2)) = 0 and h3(E) = h0(E(−2)) = 0. Since χ(E) = 0, we have h1(E) = 0 and
the exact sequence:
0→ E → E(1)→ ES(1)→ 0.(3.3)
gives h1(E(1)) = h1(ES(1)) = 0. We have then h
3(E(−1)) = h0(E(−1)) = 0. Thus E(2) is
generated by global sections by Mumford-Castelnuovo criterion [Proposition 2.8].
If there exist a section of E(2) which vanishes nowhere, then E is isomorphic to OV5(2)⊕OV5(−2)
and c2(E) = −20, which is absurd. We have then an exact sequence:
0→ OV5(−4)→ E(−2)→ IC → 0(3.4)
where C ⊂ V5 is a smooth curve of degree c2(E(2)) = 22. We have h
1(IC) = 0, so the curve Y
is connected. We have ωC = OC(2) (see Theorem 2.9) and g(C) = 23. Finally, the curve C is
non-degenerate since E is stable. The exact sequence:
0→ OV5(−3)→ E(−1)→ IC(1)→ 0
gives h1(IC(1)) = h
1(E(−1)) since h1(OV5) = h
2(OV5(−3)) = 0. The exact sequence:
0→ E(−2)→ E(−1)→ ES(−1)→ 0
gives h1(E(−1)) = h1(ES(−1)) = 1. 
Remark 3.5. The argument above has been applied to prove same result for stable rank 2 vector
bundles on cubic threefolds [D] and degree 4 Fano threefold V4. In fact, in those cases we can show
h1(E(−1)) = 0 by proving the curve C constructed as above cannot exist. Unfortunately, we could
not adapt those argument to prove the same thing for our case. We make the following conjecture:
Conjecture 3.6. On V5, all stable rank 2 vector bundles E with Chern classes c1(E) = 0 and
c2(E) = 2 satisfies the instantonic property:
H1(V5, E(−1)) = 0.
In particular, all such E are minimal instanton bundles.
[D] classified rank 2 semistable sheaves with Chern classes c1 = 0, c2 = 2 and c3 = 0 on cubic
threefolds. In this section we classify rank 2 semistable sheaves with the same Chern classes on
V5, closely following the argument of [D]. When the proof transfers almost verbatim, we will only
point out the changes in our situation and refer the readers to [D].
Proposition 3.7. Let E be a rank 2 semistable sheaves with Chern classes c1 = 0, c2 = 2 and
c3 = 0 on V5. Let F be the double dual of E. Then either E is locally free or F is locally free with
second Chern class c2(F ) = 1 and h
0(F ) = 1 or F = H0(F )⊗OV5 .
Proof. See [D, Proposition 3.1]. The proof of [D, Proposition 3.1] used mainly general arguments
about semistable sheaves on projective varieties and can be directly applied here. We highlight a
few similarities between V5 and a cubic threefold V3 which allow us to mimic the argument:
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(1) Both V5 and V3 are Fano threefolds of index 2.
(2) General hyperplane sections of both V5 and V3 are del-Pezzo surfaces using the anticanon-
ical embedding.
(3) The following inequalities of Hilbert polynomials on V3
χ(E(n)) < 2χ(OV3(n))
χ(E(n)) < 2χ(Ip(n))
remain true on V5, in fact
χ(E(n)) =
5
3
n3 + 5n2 +
10
3
n
χ(OV5(n)) =
5
6
n3 +
5
2
n2 +
8
3
n+ 1
χ(Ip(n)) =
5
6
n3 +
5
2
n2 +
8
3
n
where p is a point on V5. 
Lemma 3.8. Suppose θ is the theta-characteristic of a smooth conic C ⊂ V5. We consider the
sheaf E which is the kernel of the surjection H0(θ(1))⊗OV5 → θ(1). Then E is stable with Chern
classes c1(E) = 0, c2(E) = 2 and c3(E) = 0.
Proof. See [D, Lemma 3.4]. Again the arguments in [D] can be applied because of the similarites
highlighted in the previous proof. The only new fact we need is 2χ(IC(n)) < χ(E(n)). This is true
since
χ(IC(n)) =
5
6
n3 +
5
2
n2 +
2
3
n

Theorem 3.9. Let E be a rank 2 semistable sheaves with Chern classes c1 = 0, c2 = 2 and c3 = 0
on V5. If E is stable, then either E is locally free or E is associated to a smooth conic C ⊂ V5
such that we have the exact sequence:
0→ E → H0(θ(1))⊗OV5 → θ(1)→ 0
where θ is the theta-characteristic of C.
If E is properly semistable, then E is the extension of two ideal sheaves of lines in V5.
Proof. See [D, Theorem 3.5]. Again the arguments in [D] can be applied due to the highlights in
the previous two proofs. The only new fact we need in this proof is
χ(IZ (n)) =
5
6
n3 +
5
2
n2 +
8
3
n+ 1− l(Z)

4. Relation to representation of Q3
Given any representation R of the quiver Q3, we can obtain via Φ
−1 a complex
CR : U
⊕2 fR−−→ Q∨⊕2
in Db(V5) where we put the second term in degree 0.
Proposition 4.1. If R is semistable, then the corresponding map fR : U
⊕2 → Q∨⊕2 is injective.
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Proof. We use K and I to denote the kernel and image of fR. Note both K and I are torsion-free.
Since R is semistable, fR is nonzero. So the rank of I is 1, 2, 3 or 4. Note if rank(I) = 4, then ker
is torsion-free of rank 0, hence 0 and we are done. It remains to exclude the other cases.
Since U⊕2 and Q∨⊕2 are µ-semistable with slope −1/2 and −1/3, we have −1/2 ≤ µ(I) ≤ −1/3.
Thus rank(I) is either 2 or 3.
If rank(I) = 2, then c1(I) = −1, rank(K) = 2 and c1(K) = −1. Since µ(K) = µ(U
⊕2), we know
K is µ-semistable. In turn, I is also µ-semistable. Since there is no rank 1 sheaf with µ = −1/2,
I and K are µ-stable. By the uniqueness of Jordan-Holder filtration, K ∼= I ∼= U . Thus R has a
subrepresentation of dimension (1, 0), which contradicts its semistability.
If rank(I) = 3, then c1(I) = −1. Recall we use C to denote the cokernel of fR and let Ctf to be
the quotient of C by its torsion part. Let I ′ be the kernel of the map Q∨⊕2 → Ctf . We then have
I →֒ I ′ →֒ Q∨⊕2. Now rank(I ′) = rank(I) = 3 and c1(I
′) ≥ c1(I) = −1. By the semistability of
Q∨⊕2, c1(I
′) = −1. Thus Ctf is a torsion-free sheaf of rank 3 and c1 = −1. By the same argument
as in the previous paragraph, we can show I ′ ∼= Ctf ∼= Q
∨. Thus R has a subrepresentation of
dimension (2, 1), which contradicts its semistability. 
We now know if R is semistable, CR is isomorphic in D
b(V5) to a sheaf E. A straight forward
computation shows rank(E) = 2, c1(E) = 0, c2(E) = 2 and c3(E) = 0.
Proposition 4.2. With the notation above, E is a semistable sheaf.
Proof. We first show E is torsion-free. Suppose Etor 6= 0. If c1(Etor) > 0, Then µ(Etf ) ≤ −1/2,
which contradicts the semistability of Q∨⊕2. Thus Etor is supported in dimension at most 1. Now
let K be the kernel of the surjection Q∨⊕2 → Etf . We have a short exact sequence:
0→ U⊕2 → K → Etor → 0.
Note we have
Ext1(Etor,U
⊕2) = Ext2(U⊕2, Etor ⊗OV5(−2))
= H2(Etor ⊗OV5(−2)⊗ (U
⊕2)∨)
= 0
since Etor is supported in dimension at most 1. Thus K ∼= U
⊕2 ⊕Etor. This contradicts that fact
that K is torsion-free.
It remains to show that any rank 1 subsheaf E′ of E satisfies p(E′) ≤ p(E). If c1(E
′) < 0, the
above inequality holds. If c1(E
′) > 0, let E′′ = E/E′, then the kernel J of the map Q∨⊕2 → E′′
is given by the short exact sequence:
0→ U⊕2 → J → E′ → 0
Then µ(J) ≥ −1/5. This is absurd since J is a subsheaf of Q∨⊕2. If c1(E
′) = 0, then E′ is the ideal
sheaf of a closed subscheme of dimension at most 1. We have c2(E
′) to be 0, 1 or 2. If c2(E
′) = 2,
then p(E′) < p(E). If c2(E
′) = 0, E′ is the ideal sheaf of a subscheme Z supported in dimension 0.
Using the above notation we see J is again an extension of E′ and U⊕2, we have exact sequence:
Ext1(OV5 ,U
⊕2)→ Ext1(E′,U⊕2)→ Ext2(OZ ,U
⊕2)
It is straight forward to see the left and right terms are 0. Thus J = E′ ⊕ U⊕2. Then E′ is
a subsheaf of Q∨⊕2, which contradicts its semistability. If c2(E
′) = 1. By looking at the Euler
characteristic, we see ch3(E
′) ≤ 0. When ch3(E
′) < 0, we have p(E′) < p(E). When ch3(E
′) = 0,
p(E′) = p(E) and E′ is the ideal sheaf of a line. 
Corollary 4.3. If R is stable (strictly semistable), then the corresponding E is stable (strictly
semistable).
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Proof. Suppose R is strictly semistable, then R has a subrepresentation of dimension (1, 1). Note
all nonzero morphisms from U to Q∨ are injective and has Il as cokernel for some line l in V5. Thus
we have the commutative diagram:
0 U Q∨ Il1 0
0 U⊕2 Q∨⊕2 E 0
Ker(f) U Q∨ Coker(f)
Again by the injectivity of nonzero morphisms from U to Q∨, we have either Ker(f) = 0 or
Ker(f) = U . But the second case would imply there is an injection U⊕2 → Q∨, which makes R
unstable. Thus Ker(f) = 0 and Coker(f) = Il′ for some line l
′. And by the snake lemma, we see
Il1 →֒ E, so E is strictly semistable.
If E is strictly semistable, we have short exact sequence:
0→ Il1 → E → Il2 → 0,
where l1, l2 are two lines in V5. By [Ku12, Lemma 4.2], we have exact sequence:
0→ U → Q∨ → Il1 → 0.
Since {U ,Q∨} is an exceptional pair, Hom(Q∨,Q∨⊕2) = Hom(Q∨, E), we obtain the commutative
diagram:
0 0 0
0 U Q∨ Il1 0
0 U⊕2 Q∨⊕2 E 0
This shows R has a subrepresentation with dimension vector (1, 1), thus it is not stable. 
[LP] proved that for any Ulrich bundle E of rank r ≥ 2 on V5, E(−1) is a semistable representa-
tion of Q3 with dimension vector (r, r). By Corollary 2.19, this implies minimal instanton bundles
are representations of Q3 with dimension vector (2, 2).
Theorem 4.4 ([LP] Proposition 3.4, 3.10). Let E be a minimal instanton bundle on V5, then there
exists a short exact sequence:
0→ U⊕2 → Q∨⊕2 → E → 0.
In particular, E ∈ BV5 and Ψ(E) is isomorphic to a stable representation of Q3 with dimension
vector (2, 2).
Remark 4.5. If E is a stable rank 2 bundle with Chern classes c1(E) = 0, c2(E) = 2, while
satisfying H1(E(−1)) 6= 0, then E /∈ BV5 and we cannot associate to E any representation of Q3.
The following two lemmas will help us generalize Theorem 4.4.
Lemma 4.6. Let E be a semistable rank 2 sheaf with Chern classes c1(E) = 0, c2(E) = 2 and
c3(E) = 0 on V5 that is not locally free. Then E ∈ BV5 .
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Proof. It suffices to show that H∗(E(−1)) = H∗(E) = 0. If E is associated to a smooth conic, we
have short exact sequence:
0→ E → H0(θ(1))⊗OV5 → θ(1)→ 0
Since H∗(OV5(−1)) = H
∗(θ) = 0, we immediately obtain H∗(E(−1)) = 0. On the other hand, we
have h0(H0(θ(1)) ⊗ OV5) = 2 and h
0(θ(1)) = 2. It is clear that the map H0(H0(θ(1)) ⊗OV5) →
H0(θ(1)) is surjective. Moreover, Hi(OV5) = H
i(θ(1)) = 0 for all i > 0. Thus H∗(E) = 0.
If E is the extension of the ideal sheaves of lines in V5, we note by [Ku12, Lemma 4.2], Il ∈ BV5
for all lines l. The lemma follows immediately. 
Remark 4.7. We have seen that all sheaves in Lemma 4.6 satisfy the property H1(E(−1)) = 0.
We make the following definition:
Definition 4.8. A sheaf E on V5 is called an instanton sheaf if E is semistable of rank 2 with
Chern classes c1(E) = 0, c2(E) = 2 and c3(E) = 0, satisfying the condition:
H1(E(−1)) = 0.
If a semistable sheaf F of rank 2 with Chern classes c1(E) = 0, c2(E) = 2 and c3(E) = 0 is not
instanton, then by Theorem 3.2 and Lemma 4.6, F is a stable bundle with H1(E(−1)) ∼= C. We
mention again that it is our conjecture that such F does not exist.
Lemma 4.9. Let C be a smooth conic on V5. Consider the short exact sequence:
0→ Q⊗ IC → Q→ Q|C → 0
The induced map
f : H0(Q)→ H0(Q|C)
is an isomorphism.
Proof. We have exact sequence:
0→ H0(Q⊗ Ic)→ H
0(Q)
f
−→ H0(Q|C)→ H
1(Q⊗ Ic)
Note h0(Q) = h3(Q∨(−2)) = 5 and h0(Q|C) = h
0(OC(1) ⊕ OC(1) ⊕ OC) = 5. To show f is an
isomorphism, it suffices to show H1(Q⊗ IC) = 0. Consider the short exact sequence:
0→ U → V ⊗OV5 → Q→ 0
we have
H1(IC)
⊕5 → H1(Q⊗ IC)→ H
2(U ⊗ IC)
It is clear H1(IC) = 0, so it remains to show H
2(U ⊗ IC) = 0. Consider the short exact sequence:
0→ U ⊗ IC → U → U|C → 0
we have
H1(U|C)→ H
2(U ⊗ IC)→ H
2(U)
But H2(U) = 0 and H1(U|C) = H
1(C,OC(−1) ⊕ OC(−1)) = 0, thus H
2(U ⊗ IC) = 0 and the
proof is complete. 
We generalize Theorem 4.4 slightly:
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Theorem 4.10. Let E be an instanton sheaf on V5, then there exists a short exact sequence:
0→ U⊕2 → Q∨⊕2 → E → 0.
In particular, E ∈ BV5 and Ψ(E) is isomorphic to a representation of Q3 with dimension vector
(2, 2).
Proof. By Lemma 2.10, it suffices to show Ext•(E,U [1]) = C2 and Ext•(Q∨, E) = C2.
If E is a vector bundle, the result is Theorem 4.4.
If E is associated to a smooth conic, we have the short exact sequence:
0→ E → H0(θ(1))⊗OV5 → θ(1)→ 0.
Taking the long exact sequence and noting H∗(U) = 0, we have
Exti(E,U) = Exti+1(θ(1),U)
It is easy to see the only nonzero part is
Ext1(E,U) = Ext2(θ(1),U)
= Ext1(U∨⊗ θ(−1))
= Ext1C(OC(−2)⊕OC(−2))
= C2
This proves Ext•(E,U [1]) = C2. We now compute Ext•(Q∨, E). We have Q ⊗ θ(1) = OC(1) ⊕
OC(2) ⊕ OC(2) and H
k(Q ⊗ θ(1)) = 0 unless k = 0. Moreover, Hk(Q) = 0 unless k = 0. Thus
Extk(Q∨, E) = 0 for k ≥ 2 and we have exact sequence:
0→ Hom(Q∨, E)→ H0(θ(1))⊗H0(Q)
g
−→ H0(Q⊗ θ(1))→ Ext1(Q∨, E)→ 0
Since C ≃ P1, g factors as
H0(θ(1))⊗H0(Q)
id⊗f
−−−→ H0(θ(1))⊗H0(Q|C)։ H
0(Q⊗ θ(1))
where f is as in Lemma 4.9, so g is surjective. Thus Ext1(Q∨, E) = 0 and Hom(Q∨, E) = C2 by
counting dimension.
If E is the extension of ideal sheaves of lines in V5, then we have short exact sequence:
0→ Il1 → E → Il2 → 0(4.11)
By [Ku12, Lemma 4.2], we have
Ext•(Ilk ,U [1]) = C
Ext•(Q∨, Ilk) = C
hence the result follows by looking at the long exact sequence induced by (4.11). 
We now try to show all representations in Theorem 4.10 are semistable.
Proposition 4.12. Let E be a stable(strictly semistable) instanton sheaf on V5, then the corre-
sponding representation in Theorem 4.10 is (−1, 1)-stable(strictly semistable).
Proof. Let E be an instanton sheaf. By Theorem 4.10, there exists a short exact sequence:
0→ U⊕2 → Q∨⊕2 → E → 0.
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We claim the induced representation is semistable. Suppose otherwise, then the representation has
a subrepresentation of dimension either (2, 1) or (1, 0). If we are in the first case, then we have the
following exact triangle in Db(V5):
A• → E[0]→ B•
where A• ≃ (U⊕2 → Q∨) and B• ≃ Q∨ . Note in both A• and B•, Q∨ lies in degree 0. Taking the
long exact sequence of cohomology sheaves of the exact triangle, we obtain:
0 = H−2(B•)→ H−1(A•)→ H−1(E[0]) = 0
Thus H−1(A•) = 0, this would imply U⊕2 →֒ Q∨, which is absurd. The second case can be dealt
with similarly. Thus the representation corresponding to E is semistable.
The rest follows from Corollary 4.3. 
By now we have established a well-behaved correspondence between (semi)stable instanton
sheaves on V5 and (−1, 1)-(semi)stable representations of Q3 with dimension vector (2, 2). Next is
to use this correspondence to analyze the two moduli spaces.
5. Moduli Space of Instantons
Recall Rep(Q3)
(−1,1)−SS
(2,2) denotes the quasi-affine scheme parametrizing (−1, 1)-semistable rep-
resentations of Q3 with dimension vector (2, 2), Mrep = Rep(Q3)
(−1,1)−SS
(2,2) //G is the moduli space
of such representations, M denotes the moduli space of semistable rank 2 sheaves with Chern
classes c1 = 0, c2 = 2 and c3 = 0.
By Proposition 4.1 and 4.2, there exist a morphism Φ : Rep(Q)
(−1,1)−SS
~d
→ M . Φ is invariant
under G since changing the basis of U⊕2 and Q∨⊕2 does not affect the isomorphism class of the
quotient. Thus we obtain a morphism:
φ :Mrep →M
Proposition 5.1. φ is injective.
Proof. Let R1, R2 be two representations such that φ([R1]) = φ([R2]). If φ([R1]) is stable, then
ER1
∼= ER2 . Using the equivalence Ψ, we see R1 ≃ R2 as objects in D
b(Q3). But since they both
lie in Mod(Q3), we see they are actually isomorphic. Hence [R1] = [R2].
If φ([R1]) is strictly semistable. Then ER1 , ER2 are both S-equivalent to Il1 ⊕ Il2 where l1, l2
are two lines in V5. Then the proposition follows from the following lemma. 
Lemma 5.2. Let E be a sheaf defined by
0→ Il1 → E → Il2 → 0
where l1, l2 are two lines in V5. Then Ψ(E) and Ψ(Il1⊕Il2) corresponds to the same point in Mrep.
Proof. Recall F (V5) = P(A) ≃ P
2. Suppose l1 corresponds to [a1 : b1 : c1] and l2 corresponds to
[a2 : b2 : c2]. Then Ψ(E) is given by([
a1 α
0 a2
] [
b1 β
0 b2
] [
c1 γ
0 c2
])
where α, β, γ ∈ C. Let
gn =
([
1
n
0
0 1
]
,
[
1
n
0
0 1
])
∈ G
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then
gn ·Ψ(E) =
([
a1
α
n
0 a2
] [
b1
β
n
0 b2
] [
c1
γ
n
0 c2
])
and
lim
n→∞
gn ·Ψ(E) =
([
a1 0
0 a2
] [
b1 0
0 b2
] [
c1 0
0 c2
])
= Ψ(Il1 ⊕ Il2)

We now try to understand the image of φ. By semi-continuity, there exist an open subscheme
M inst of M parametrizing instanton sheaves. We start by showing the smoothness of M inst. To
do this we first compute some related invariants.
Lemma 5.3. Let θ be the theta characteristic of a smooth conic C in V5. Let E be the kernel of the
natural surjection H0(θ(1)) ⊗ OV5 → θ(1). Then Ext
2(E,E) = 0 and Ext1(E,E) has dimension
5.
Proof. Consider the exact sequence:
Ext2(H0(θ(1))⊗OV5 , E)→ Ext
2(E,E)→ Ext3(θ(1), E)
We have Ext2(H0(θ(1))⊗OV5 , E) ≃ H
0(θ(1))⊗H2(E) = 0 and Ext3(θ(1), E) ≃ Hom(E, θ(−1))∗.
Note we have injection Hom(E, θ(−1))→ Hom(Q∨⊕Q∨, θ(−1)) = 0 by looking at the splitting type
of Q∨. Thus Ext2(E,E) = 0. Moreover, Ext3(E,E) ≃ Hom(E,E(−2))∗ = 0 and Hom(E,E) = C.
By Riemann-Roch, χ(E,E) = −4. Thus Ext1(E,E) is five dimensional. 
Lemma 5.4. Let l1, l2 ⊂ V5 be two lines. Then Ext
2(Il1 , Il2) = 0 and dimExt
1(Il1 , Il2) = 1 if
l1 6= l2 and 2 if l1 = l2.
Proof. Consider the exact sequence:
Ext2(OV5 , Il2)→ Ext
2(Il1 , Il2)→ Ext
3(Ol1 , Il2)
We have Ext2(OV5 , Il2) = 0 and Ext
3(Ol1 , Il2) ≃ Hom(Il2 ,Ol1(−2))
∗. Note we have injection
Hom(Il2 ,Ol1(−2))→ Hom(Q
∨,Ol1(−2)) = 0
by looking at the splitting type of Q∨. Thus Ext2(Il1 , Il2) = 0. Moreover, Ext
3(Il1 , Il2) ≃
Hom(Il2 , Il1(−2))
∗ = 0. By Riemann-Roch, χ(Il1 , Il2) = −1. Thus the lemma follows. 
Let N ≥ 1 be an integer and V be a complex vector space. Let Q be the Hilbert scheme of
the quotient V ⊗ OX(−N) → E of X with rank 2 and Chern classes c1(E) = 0, c2(E) = 2 and
c3(E) = 0 and L the natural polarization [Si]. The group G = PGL(V ) acts on Q and a suitable
power of L is G-linearized. Let QssC be the PGL(V )-semistable points corresponding to quotients
without torsion and Qc the closure of Q
ss
c in Q. When the integer N and the vector space V
are suitably chosen, the following properties are satisfied. The map V ⊗ OX → E(N) induce an
isomorphism V ≃ H0(E(N)) and hi(E(k)) = 0 for k ≥ N and i ≥ 1 and for all E in Qc. The
point [E] ∈ Qc is semistable if and only if the sheaf E is semistable if and only if E ∈ Q
ss
c . The
stabilizer of [E] in GL(V ) is identified with the group of automorphisms of the sheaf E and moduli
space is then the GIT quotient Qssc //G. There exist an open G-invariant subscheme Q
inst ⊂ Qssc
parametrizing sheaves E with H1(E(−1)) = 0, and M inst is the GIT quotient Qinst//G.
Lemma 5.5. With the above hypothesis, the scheme Qinst is smooth.
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Proof. The tangent space of Qssc at a point [E] is isomorphic to Hom(F,E) where F is the kernel of
the map V ⊗OX(−N)→ E. The scheme Q
ss
c is smooth at the point if Ext
1(F,E) = 0. Consider
the exact sequence:
Ext1(V ⊗OX(−N), E)→ Ext
1(F,E)→ Ext2(E,E)
We then obtain an inclusion Ext1(F,E)→ Ext2(E,E) since h1(E(N)) = 0. To show the smooth-
ness of Qinst, it suffices then to prove Ext2(E,E) = 0 for [E] ∈ Qinst. If E is stable and locally
free, then Ext2(E,E) = Ext2Db(Q3)(RE , RE) = 0 since the path algebra of a quiver is hereditary.
If E is stable but not locally free, we apply Lemma 5.3. If E is strictly semistable, then E is the
extension of I1 and I2, the vanishing follows from Lemma 5.4. 
Theorem 5.6. The moduli space M inst of semistable sheaves of rank 2 with Chern classes c1(E) =
0, c2(E) = 2, c3(E) = 0 satisfying H
1(E(−1)) = 0 on V5 is smooth of dimension 5.
Proof. See [D, Theorem 4.6]. Note Qinst is open in Qssc and G-invariant. 
Since U and Q∨ both lie in BV5 , we see [E] ∈ M lies in the image of φ only if H
1(E(−1)) = 0.
Thus we have a morphism φ :Mrep →M
inst.
Theorem 5.7. φ :Mrep →M
inst is an isomorphism. As a result, the moduli space of semistable
rank 2 sheaves with Chern classes c1 = 0, c2 = 2 and c3 = 0 on V5 has a connected component
isomorphic to P5.
Proof. Since both M rep and M are projective, φ : Mrep → M is proper. Since M
inst is an open
subscheme of M , φ : Mrep → M
inst is proper. By Lemma 5.1, φ is injective. By Theorem 4.10
and Proposition 4.12, φ is surjective. As a result, M inst is connected.
Let [R] ∈Mrep be a stable representation, then the tangent space at [R] is given by Ext
1
Q3
(R,R).
The tangent space at φ(E) (which is also stable) is given by Ext1(Ψ−1(E),Ψ−1(E)). Since Ψ :
BV5 → D
b(Q3) is an equivalence, φ induces isomorphism between tangent spaces, so φ is e´tale when
restricted to the open stable locus. Since φ is also injective and we are working over C, φ is an
open immersion over the stable locus (See for example Stack Project 40.14). Thus φ is birational.
Now φ is a bijective birational proper morphism, it has to be an isomorphism.
At last, since φ is proper and M inst ∼= P5 is its image, M inst ⊂ M is closed. But M inst is also
open, hence M inst ∼= P5 is a connected component of M . 
Remark 5.8.
(1) The theorem shows that a natural compactification of the moduli space of minimal instan-
ton bundles on V5 is P
5.
(2) If Conjecture 3.6 is true, the complement of M inst in M is actually empty. Hence the
moduli space of semistable rank 2 sheaves with Chern classes c1 = 0, c2 = 2 and c3 = 0 on
V5 is isomorphic to P
5.
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